The polarization properties of any medium are completely described by the sixteen element Mueller matrix that relates the polarization parameters of the light incident on the medium to that emerging from it. Measurement of all the elements of the matrix requires a minimum of sixteen measurements involving both linear and circularly polarized light. However, for many diagnostic applications, it would be useful if the polarization parameters can be quantified with linear polarization measurements alone. In this paper, we present a method based on polar decomposition of Mueller matrix for quantification of the polarization parameters of a scattering medium using the nine element (3 × 3) Mueller matrix that requires linear polarization measurements only. The methodology for decomposition of the 3 × 3 Mueller matrix is based on the previously developed decomposition process for sixteen element (4 × 4) Mueller matrix but with an assumption that the depolarization of linearly polarized light due to scattering is independent of the orientation angle of the incident linear polarization vector. Studies conducted on various scattering samples demonstrated that this assumption is valid for a turbid medium like biological tissue where the depolarization of linearly polarized light primarily arises due to the randomization of the field vector's direction as a result of multiple scattering. For such medium, polar decomposition of 3 × 3 Mueller matrix can be used to quantify the four independent polarization parameters namely, the linear retardance (δ ), the circular retardance (ψ), the linear depolarization coefficient (Δ) and the linear diattenuation (d) with reasonable accuracy. Since this approach requires measurements using linear polarizers only, it considerably simplifies measurement procedure and might find useful applications in tissue diagnosis using the retrieved polarization parameters.
Introduction
Studies on polarization properties of scattered light from a turbid medium like biological tissue have received considerable attention because such measurements can facilitate quantification of useful physiological and morphological parameters of tissue. For example, since the rate of depolarization of incident linearly and circularly polarized light depends on the morphological and optical parameters like the density, size (and its distribution), shape and refractive index of scatterers present in the medium [1] [2] [3] [4] [5] [6] , this information may be used for tissue diagnosis. In addition to depolarization property, many constituents of tissue also show intrinsic polarization properties such as retardance (linear retardance arising due to a difference in phase between two orthogonal linear polarization, and circular retardance arising due to a difference in phase between right and left circularly polarized light) and diattenuation (linear diattenuation arising due to the different attenuation coefficients of two orthogonal linear polarization, and circular diattenuation arising due to the different attenuation coefficients of right and left circularly polarized light). For example, collagen is a structural protein present in tissue that has linear retardance property due to its oriented fibrous structure. In various kinds of tissue abnormalities such as actinic keratosis, neurofibroma, psoriasis, erythema and the numerous types of carcinomas (like melanomas, basal cell, squamous cell carcinoma etc.), the structural and functional properties of collagen and other fibrous structures present in tissue show distinct changes, which lead to significant variation in their linear retardance property. Several studies have therefore been conducted to develop techniques for quantification of the magnitude and orientation of linear retardance in tissue and to use this information for diagnostic applications [7] [8] [9] [10] [11] [12] [13] [14] . Glucose possesses intrinsic circular retardance property due to its asymmetric (chiral) structure and its presence in tissue leads to rotation of the plane of linear polarization about the axis of propagation (known as optical rotation) [15] . Measurement of circular retardance or optical rotation of scattered light from tissue might thus facilitate non-invasive monitoring of glucose level in human tissue [15] [16] [17] [18] [19] [20] [21] [22] . Development of techniques / approaches for the measurement of the different polarization properties of tissue is therefore of considerable current interest and is expected to be useful for a wide variety of diagnostic applications. Since Mueller matrix contains complete information about the polarization properties (retardance, diattenuation and depolarization) of a medium in its different elements, this can be used to quantify these parameters very efficiently. This would however, require suitable theoretical approaches to extract the polarization parameters from the measured Mueller matrix and to interpret these parameters in terms of the physiological and morphological features of tissue. Polar decomposition of Mueller matrix is a robust and efficient approach for interpretation and quantification of these polarization parameters [23] . Indeed, in our previous study, we have successfully used polar decomposition of sixteen element (4 × 4) Mueller matrix for determination of the degree of optical rotation introduced by the presence of chiral substances in a turbid medium using the Mueller matrix measured from the medium [22] . The sixteenelement Mueller matrix that involves both linear and circular polarization measurements [23, 24] provides a complete description of the polarization properties of the medium. However, for practical biomedical applications, it would be useful if the important polarization parameters (e.g., linear and circular retardance) can be quantified with linear polarization measurements alone. This would considerably simplify the measurement procedure and would particularly be suitable for spectroscopic polarimetry where polarization information can be obtained at several wavelengths [25] [26] [27] . To accomplish this objective, in this communication, we present a polar decomposition based approach for quantification of the different polarization parameters of a scattering medium using the nine element (3 × 3) Mueller matrix measured from the medium. Measurement of the nine elements of Mueller matrix requires just two linear polarizers with nine combinations of input and output state of polarizations.
The paper is organized as follows. Section 2 describes the theoretical foundation of polar decomposition of 3 × 3 Mueller matrix. The experimental methods are discussed in Section 3. The results of studies on various scattering samples and on optical components with known polarization properties, conducted to verify the efficacy of the polar decomposition based approach, are presented in Section 4. Section 5 concludes with discussion on the potential applications of the developed approach and its limitations.
Theory

Polar decomposition of nine element (3×3) Mueller matrix
Polar decomposition of the Mueller matrix is a tool, which provides informations about the different polarization properties of the sample, namely, diattenuation, retardance and depolarization. The process for Polar decomposition of 4 × 4 Mueller matrix into Mueller matrices of a diattenuator (M D ), a retarder (M R ) and a depolarizer (M Δ ) has been described in reference [23] . For decomposition of 3 × 3 Mueller matrix (M), we follow the similar procedure. As for the 4 × 4 matrix, the diattenuation properties (d) of the medium are contained in the first row of the matrix that is used to construct the 3 × 3 diattenuation matrix (M D ). The inverse of M D is multiplied with M to remove the diattenuation and the remaining matrix (M / ) consists of retardance and depolarization.
Where the 3 × 3 depolarization matrix (M Δ ) can be written as
Here, a and b are linear depolarization coefficients for incident horizontally polarized light and light polarized at 45 0 from the horizontal direction respectively. The 3 × 3 retardance matrix (M R ) consists of both linear and circular retardance and can be written as 
Here, δ is linear retardance, θ is the orientation angle of the fast axis of the linear retarder and ψ is optical rotation (circular retardance).
For non-depolarizing samples (a = b =1), the linear retardance (δ) and optical rotation (ψ) can directly be estimated from the matrix M / as
However, for depolarizing sample, one would need to decouple the depolarization matrix M Δ from the matrix M / and find out the retardance matrix M R . In order to obtain the values for the depolarization coefficient, we construct a matrix M DR as 
The inverse of M Δ is thereafter multiplied with M / to obtain the retardance
Equations (4) and (5) can then be applied on the retardance matrix M R to estimate the values for δ and ψ. The orientation angle of the axis of the linear retarder (θ) can also be obtained using the value of δ and ψ in Eq. (3).
It follows from the above development that this approach can be used to estimate four independent polarization parameters namely, the linear retardance (δ ), the circular retardance (ψ), the linear depolarization coefficient (Δ) and the linear diattenuation (d). It is pertinent to note here that there exist important differences in the process for decomposition of 3 × 3 Mueller matrix presented here as compared to the process for decomposition of 4 × 4 matrix developed earlier [22, 23] . Unlike the decomposition process of 4 × 4 matrix, a matrix M DR is constructed here (using the matrix M / ), Eigen values of which are utilized to decouple the depolarization matrix (M Δ ) and the retardance matrix (M R ) with the assumption that the depolarization of linearly polarized light is independent of the orientation angle of the incident linear polarization vector. The accuracy of this approach for decomposing the retardance and the depolarization matrices in a depolarizing medium would thus be determined by the validity of this assumption. It should also be noted that the decomposition of Mueller matrix also depends upon the order in which the diattenuator, depolarizer and retarder matrices are multiplied. Based on the order of these matrices, six possible decompositions can be performed. Among these, the group in which the diattenuator matrix comes ahead of the retardance and the depolarization matrix [M = M Δ M R M D ] always lead to a physically realizable Mueller matrix [28] . The decomposition process discussed here is therefore based on this convention.
Experimental methods
A schematic of the nine element Mueller matrix measurement set-up is shown in Fig. 1 . The 632.8 nm output from a He-Ne laser (Suresh Indu Lasers, India) was used as excitation source. A linear polarizer (P1) was used to illuminate the sample with desired polarization states. Another linear polarizer (P2) was used to analyze the polarization states of the light scattered from the sample. The scattered light emerging from the sample was collected with an f/3 lens and after passing through subsequent polarizing optics was imaged onto a CCD detector (ST6, SBIG, USA). While performing measurements in the forward scattering direction, the analyzers and the collection optics were kept at an angle of 0 o with respect to the direction of the ballistic beam. The collection angle was ~ 20 o .
Fig. 1. A schematic of the nine element Mueller matrix measurement set-up
For the measurement of spectral Mueller matrix from the samples, a commercial spectrofluorometer (SPEX, Fluorolog II, USA) was used. The light from a 450W Xenon lamp filtered through the excitation monochromator was used to illuminate the samples. An aperture was kept to limit the spot size to 1 mm. A linear polarizer was kept in front of the sample to generate the three desired input polarization states. The elastic scattering signal was collected at ~ 20 0 angle with respect to the exact backscattering direction and were passed through an analyzer before detection. A synchronous scan with zero offset between the excitation and the emission monochromators was used to record the polarized elastic scattering spectra (340 nm -650 nm) at nine different combinations of the orientation angle of the polarizer and the analyzer. The band-pass for both the excitation and emission monochromator was 1.7 nm and the integration time was kept 0.2 sec. The spectra recorded at different linear polarization channels were corrected for the sensitivity of the instrument to the different linear polarization states (at angles of 0 For an ideal system, W can be written as 
This kind of construction allows calibration for non-ideal components since one can replace the ideal stokes vector in each column of PSG or each row of PSA by the measured Stoke's vectors that may deviate from ideal value. The errors arising due to the finite extinction ratios of the linear polarizer and the analyzer was incorporated using the generated matrix W corresponding to these polarizers. The experimental set-up was first used to record Mueller matrix from known optical components such as mirror, diffuser, linear polarizer and quarter wave plates etc. Each of the nine independent measurements required to construct the 3 × 3 Mueller matrix was repeated three times and the average value was taken to construct the Mueller matrix of the sample. Typical value of error in each element was found to lie between 1 -3%. After obtaining satisfactory results from these standard measurements, the set-up was used to record Mueller matrix from the samples investigated in this study. The turbid scattering samples were prepared using aqueous suspension of polystyrene microspheres (Bangs Lab., USA) with mean diameter of either 0.61 µm or 2.0 µm. The values for scattering coefficient (μ s ) of the samples were varied by dilution. The samples were kept inside quartz cuvette having path length of either 5 mm or 10 mm while taking measurements. The collagen samples used in this study were extracted from eggshell membrane. Eggshell membrane is known to contain mainly Type I and Type V collagen. The Type I collagen from the inner shell membrane was extracted by acid-pepsin digestion method [29] . Briefly, the outer membrane was removed by dipping the shell in 1% Triton X and then washing thoroughly with tap water. The shells were then dipped in 1N HCL for 1 hour. The inner membrane consisting of Type I collagen gets separated which was then removed and washed with distilled water. To remove the attached globular proteins, the membranes were dipped in a mixture of 1:1 1N HCL and water containing pepsin powder for 24 hrs in fridge and the Type I collagen was extracted.
Results and discussion
In order to illustrate the efficacy of the polar decomposition of 3 × 3 Mueller matrix, we first present results on theoretical calculation of single scattering Mueller matrix of an achiral (having no optical rotatory power, ψ = 0) spherical scatterer with known size and refractive index. The 3 × 3 scattering matrix [S (Θ), Θ is the scattering angle] for a spherical scatterer with diameter d = 2.0 μm at a wavelength λ = 632.8 nm was computed using Mie theory [30] . The refractive index of the scatterer (n) and that of the surrounding medium (n medium ) was taken to be n = 1.59 and n medium = 1.33 respectively. The computed 3 × 3 non depolarizing Mueller matrix was decomposed into diattenuation (M D ) and retardance (M R ) matrices following the procedure described in Section 2 and the values for diattenuation (d), linear retardance (δ) and optical rotation (ψ) of scattered light was calculated using Eqs. (4) and (5). The variation of d, δ and ψ as a function of scattering angle Θ is shown in Fig. 2 .
As expected, the value for ψ is observed to be zero and the values for d and δ are seen to vary significantly with increasing value of Θ. The observed variation of d and δ with Θ was previously shown to be originating from the difference in amplitude and phase between the scattered light polarized parallel [0. the values for d, δ and ψ obtained from the decomposition of the 3 × 3 matrix is identical to that obtained using the decomposition of the 4 × 4 matrix (the results were presented in our previous paper, [22] ). Single scattering calculations performed on several other achiral (ψ = 0) or chiral (ψ ≠ 0) scatterers having known size and refractive indices confirmed that the decomposition of 3 × 3 Mueller matrix following the approach described in Section 2 yields the same value of d, δ and ψ as for that obtained following the decomposition of 4 × 4 Mueller matrix of scattered light for the same scatterers.
In order to test the experimental validity of the approach, studies were conducted on samples with known polarization and scattering properties. Nine element Mueller matrices were recorded in transmission mode, separately from a linear retarder (linear retardance at 632.8 nm is δ = π/2) and from turbid scattering samples prepared using aqueous suspension of polystyrene microspheres with mean diameter of either 0.61 µm or 2.0 µm. The angle of orientation of the fast axis of the linear retarder was kept at 5 ο from the horizontal. Mueller matrix was also recorded from the linear retarder with the scattering sample placed in front of it. These experiments were performed using the 632.8 nm line of the He-Ne laser as excitation source. Equation (14) shows the recorded 3 × 3 Mueller matrix (M) for the linear retarder. The value for linear retardance (δ) and the orientation angle of the axis of the linear retarder (θ) were calculated to be δ = 1.56 and θ = 5.5 ο respectively using Eqs. (3) and (4) ). These results confirmed that the assumption, the depolarization of linearly polarized light due to scattering is independent of the orientation angle of the incident linear polarization vector, is valid for a turbid medium. This should be expected also because in a turbid medium, depolarization of linearly polarized light takes place mainly because of the randomization of the filed vector's direction by a random sequence of scattering at arbitrary scattering and azimuthal angles. This can be treated to be an incoherent addition of Mueller matrices of isotropic depolarizers and thus the linear depolarization coefficients of the resultant depolarizing Mueller matrix will be the same for the two different incident linear polarization states.
In Table 1 , we show the recorded 3 × 3 Mueller matrix (M) from the linear retarder with the scattering sample placed in front of it. The decomposed matrices M Δ , M R and M D are also displayed in the table. Following the procedure described in Section 2, the value for linear retardance (δ), orientation of the linear retarder (θ) and linear depolarization (Δ) were estimated to be δ = 1.57, θ = 5. 
We also repeated the experiment with the scattering sample kept both in front of and at the back of the linear retarder. In this case, the scattering samples were kept in two 5 mm path length cuvettes with the linear retarder kept at close contact in between the two cuvettes. The angle of orientation of the axis of the linear retarder was kept at 10 ο in this case. The measured Mueller matrix (M) and the decomposed matrices M Δ , M R and M D for this combination of linear retarder and scattering samples are displayed in Table 2 . The values δ = 1.56, θ = 10.3 ο and Δ = 0.79 obtained from the polar decomposition approach are again found to be reasonably close to that expected for this combination. 
As noted previously, the accuracy of the present approach for decomposing the retardance and the depolarization matrices is determined by the validity of the assumption that depolarization of linearly polarized light due to scattering is independent of the orientation angle of the incident linear polarization vector. The results presented above show that this assumption is valid in a turbid medium where depolarization of linearly polarized light takes place due to randomization of field vector's direction as a result of multiple scattering. This approach is therefore expected to be applicable in a turbid and multiply scattering medium like biological tissue. Since the 3 × 3 Mueller matrix measurements require just two linear polarizers with nine combinations of input and output state of polarizations, this would allow one to perform spectral polarimetric (quantification of the polarization parameters at several wavelengths) measurements on tissue with relative ease as compared to that for the 4 × 4 Mueller matrix (because of the complexities originating due to the usage of quarter wave retarder at multiple wavelengths). Such measurements could provide additional information and may turn out to be useful for various diagnostic applications. In order to illustrate the accuracy of such spectral polarization measurements, in Fig. 3 , we show the wavelength dependence of linear retardance [δ (λ)] obtained by decomposing the nine element spectral Mueller matrix (λ = 420 nm -650 nm) measured from a linear retarder (linear retardance at 632.8 nm is δ = π/2). The data are presented at 5 nm intervals. The corresponding theoretical variation of δ with wavelength is shown by squares in Fig. 3 . The agreement is seen to be reasonable. Having obtained satisfactory results on estimating the wavelength variation of linear retardance of ideal linear retarder, experiments were performed on Type I collagen extracted from eggshell membrane. On microscopic examination, the collagen showed mesh like oriented fibrous structures. The structural aggregates of collagen (micro-fibrils, fibrils and fibers) are known to produce such oriented fibrous structures in collagen matrix. The spectral Mueller matrix measurements from the collagen samples were performed using the spectrofluorometer. In Fig. 4(a) The observed linear retardance and diattenuation is known to originate from the oriented fibrous structure of collagen [8-10, 12, 14] . The collagen contains helix-type molecule binding structures whose anisotropic alignment is the origin of the birefringence property of collagen fibers. Measurements were also repeated on the same sample by changing its physical orientation. This was done by rotating the sample at an angle 90 0 in the plane normal to the direction of propagation of the incident light. The magnitude of Δ (λ), δ (λ) and d (λ) was not found to change significantly with altered physical orientation of the sample. However, as expected, the orientation angle of the linear retarder θ, obtained from the decomposed retardance matrix M R was observed to change with altered physical orientation of the sample. It should be mentioned here that the estimated value for δ (or θ) of the collagen sample cannot be directly related to the microscopic structure or orientation of any individual fibers of the collagen network, rather it can be treated as an average value over the area of the sample probed by the light beam. Though the parameters δ (or θ) and d, describes the linear retardance and diattenuation of the sample in an average sense, these would have diagnostic value because in various kinds of tissue abnormalities, the structural and functional properties of collagen and other fibrous structures show distinct changes, which is expected to lead to a change in their net linear retardance (and the orientation angle of the retarder) and diattenuation values. In order to explore this possibility, we have conducted preliminary studies on spectral Mueller matrix measurements from normal and cancerous (squamous cell carcinoma) tissues resected from human oral cavity. Results of measurements on a limited number of tissue samples showed that the values for δ (λ) and d (λ) are considerably lower in the cancerous tissues as compared to that for the normal tissues. This possibly arises due to the denaturization of collagen (present in the connective tissue layer) in the cancerous tissues, which results in a loss of linear retardance of the tissues. Detailed studies on this aspect and on exploring possibility of using δ (λ) and d (λ) as diagnostic parameters, is presently underway and the results will be reported after successful completion of the studies.
Conclusion
To conclude, we have presented a method based on polar decomposition of Mueller matrix for quantification of the different polarization parameters of a scattering medium namely, the linear retardance, the circular retardance, the linear depolarization coefficient and the linear diattenuation using the nine element (3 × 3) Mueller matrix measured from the medium. It should however, be mentioned that quantification of the circular depolarization coefficient and the circular diattenuation would necessitate measurement of M 44 and M 14 elements of the 4 × 4 Mueller matrix and these therefore cannot be estimated using the decomposition of 3 × 3 Mueller matrix. Further, the decomposition of the 3 × 3 Mueller matrix is based on the assumption that the depolarization of linearly polarized light due to scattering is independent of the orientation angle of the incident linear polarization vector which is valid for a turbid and multiply scattering medium like tissue. The applicability of the approach was tested by carrying out studies on various samples having known scattering and polarization properties. Since the 3 × 3 Mueller matrix requires measurements using linear polarizers only, it considerably simplifies measurement procedure and also allows one to quantify the wavelength dependence of the useful polarization parameters of a turbid medium like biological tissue with relative ease. This approach may thus find useful diagnostic applications.
